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SPINORIAL REPRESENTATION OF SURFACES IN
LORENTZIAN HOMOGENEOUS SPACES OF DIMENSION 3
BERENICE ZAVALA JIME´NEZ
Abstract. We find a spinorial representation of a Riemannian or Lorentzian
surface in a Lorentzian homogeneous space of dimension 3 and, as applications,
we get a representation theorem for surfaces in the class of L(κ, τ) spaces,
we recover the Calabi correspondence between minimal surfaces in R3 and
maximal surfaces in R1,2, and we obtain a new Lawson type correspondence
between CMC surfaces in R1,2 and certain CMC surfaces in the 3-dimensional
pseudo-hyperbolic space H3
1
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1. Introduction
The aim of this paper is to characterize in terms of spinors the immersion of
a surface in a given simply connected complete Lorentzian homogeneous space of
dimension 3. Given a simply connected Riemannian surface M and a bilinear sym-
metric form B : TM ×TM −→ E, for E =M ×R −→M the trivial vector bundle,
we prove that for every 3-dimensional simply connected complete Lorentzian ho-
mogeneous space the existence of a spinor field on M solution of some Killing-type
equation is equivalent to the existence of an isometric immersion with normal bun-
dle E and second fundamental form B.
Our study relies on a case-by-case analysis using the classification of the 3-
dimensional Lorentzian homogeneous space obtained in [22, 9, 6, 5] and presented
in Section 2. This classification roughly says that a simply connected complete
Lorentzian homogeneous space of dimension 3 is a Lie group with a Lorentzian left-
invariant metric or a symmetric space in the following list: R−×S
2, R−×H
2, R×S˜21,
R× H˜21 (S˜
2
1 and H˜
2
1 are the respective universal coverings of the pseudo-sphere and
the pseudo-hyperbolic space of dimension 2), the pseudo-sphere S31, the universal
covering of the pseudo-hyperbolic space H˜31 and finally, the Cahen-Wallach space
Mc.
In Theorem 2 is characterized the immersion of a Riemannian or Lorentzian
surface in any Lorentzian group of dimension 3, Theorems 5, 6 and 7 state the
characterization of the immersions in the product spaces with Lie group structure
R− × H
2, R × S˜21 and R × H˜
2
1, respectively. In Theorem 8 we characterize the
immersions in the pseudo-sphere S31, in Theorem 9 the immersions in the pseudo-
hyperbolic space H31 and in Theorem 10 the immersions in the product R−×S
2. It
1
2 BERENICE ZAVALA JIME´NEZ
is important to mention that, to complete the characterization in all the Lorenti-
zan spaces it remains to find an immersion theorem for the non-constant sectional
curvature Cahen-Wallach space Mc.
The similar problem in the Riemannian setting is completely solved. A simply
connected Riemannian homogeneous space of dimension 3 is isometric to a Lie
group with a left-invariant metric or it is the product manifold S2×R (see [18] and
[19]). Friedrich characterized in [11] in a spinorial way the immersions in R3, Morel
did the same in [20] for S3 and H3 and Roth characterized in [24] the immersions in
Riemannian homogeneous spaces with 4-dimensional isometry group and finally in
[2] we found a characterization of the immersions in Riemannian metric Lie groups
and as a particular case the immersions in groups given as semi-direct products
which completes the characterization in the Riemmanian homogeneous spaces.
In all these papers (except in [2]) the results were obtained through a funda-
mental theorem of surfaces theories, for example, in [11] and [20] the authors found
that the existence of a spinor field satisfying a Killing-type equation is equivalent
to the integrability conditions of the Gauss and Codazzi equations and then, the
existence of an immersion is obtained as a consequence of the fundamental theorem
for surfaces in space forms. Similarly, the result in [24] is obtained through the
immersion theorem for Riemannian homogeneous spaces given by Daniel in [10].
We generalized the above results in [2] (excepting the product R × S2), obtaining
a characterization of immersions of arbitrary dimension and co-dimension in gen-
eral Riemannian Lie groups, for this we got an explicit formula of the immersion
in terms of the spinor field and then it was not necessary to use a fundamental
theorem and instead, we got one as a consequence.
Some Lorentzian cases were already solved, the first case was presented in [12]
where the immersions of surfaces in R1,2 were characterized, in [14] for the pseudo-
Riemannian spaces forms and in [23] for Lorentzian products of typeM2(k)×R−. In
these papers, fundamental theorems are used to obtain the existence of an isometric
immersion from the existence of a spinor field solution of a Killing-type equation.
We extend these results here to embrace all the 3-dimensional Lorentzian homo-
geneous spaces, and we also complete them by
finding explicit formulas for the immersions in terms of the spinor fields (and we
do not use fundamental theorems).
Finally, in Section 8 we include some applications of our results. In 8.1 (The-
orem 11) we characterize the immersions in the Lorentzian homogeneous spaces
L(κ, τ). In 8.2 we find a Lawson-type correspondence between CMC surfaces in
R1,2 and CMC surfaces in H1,3 and to conclude, in 8.3 we find a new proof of the
correspondence between minimal surfaces in R3 and maximal surfaces in R1,2.
2. Lorentzian homogeneous spaces of dimension 3
In this section we present a summary of the classification of the Lorentzian
homogeneous spaces of dimension 3. Let us begin with the following result.
Theorem 1. (G. Calvaruso [8]) Let (M, g) be a three-dimensional connected, sim-
ply connected, complete homogeneous Lorentzian manifold. Then, either (M, g)
is symmetric, or it is isometric to a three-dimensional Lie group equipped with a
left-invariant Lorentzian metric.
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The theorem above is complemented by the results obtained in [22] and [9], where
the modular and non-unimodular Lie groups are respectively classified. Meanwhile,
in [6], [5] and [26] the Lorentzian symmetric spaces are characterized.
2.1. Lorentzian Lie groups of dimension 3. Let G be a Lie group of dimension
3 endowed with the left-invariant Lorentzian metric 〈·, ·〉. Let us denote by e the
identity element of G and by g = TeG its Lie algebra. Also, if (e1, e2, e3) is a basis
of g that satisfies 〈ei, ej〉 = 0 for i 6= j and 〈e1, e1〉 = 〈e2, e2〉 = 1 = −〈e3, e3〉, we
say that it is an orthonormal basis of g.
As usual, ad : g −→ End(g) denotes the adjoint representation and we recall
that G is unimodular if trace(ad(v)) = 0 for all v ∈ g and non-unimodular in the
other case.
We briefly present the description of the unimodular groups given by Rahmani
in [22]. We have that, an unimodular Lie group admits a Lie algebra with a specific
Segre type in a list of four possible normal forms (see [21, Pag. 262]). Let us denote
by gi, 1 ≤ i ≤ 4, these algebras.
Let E(2) and E(1, 1) be the orientation-preserving affine isometry groups of R2
and R1,1, respectively and H3 the Heisenberg group of dimension 3.
The Lie bracket of each algebra is written in terms of an orthonormal basis
(e1, e2, e3) of gi and constants α, β, γ ∈ R:
g1 :
[e1, e2] = αe1 − βe3
[e1, e3] = −αe1 − βe2
[e2, e3] = βe1 + αe2 + αe3, α 6= 0,
a Lie group G with an algebra of type g1 is O(1, 2) or SL(2,R) if β 6= 0 and E(1, 1)
if β = 0.
g2 :
[e1, e2] = −γe2 − βe3
[e1, e3] = −βe2 + γe3, γ 6= 0,
[e2, e3] = αe1
a Lie group G with an algebra of type g2 is O(1, 2) or SL(2,R) if α 6= 0 and E(1, 1)
if α = 0.
g3 :
[e1, e2] = −γe3
[e1, e3] = −βe2
[e2, e3] = αe1,
the following table gathers the possibilities of the Lie groups with Lie algebras of
type g3.
G α β γ
O(1, 2) o SL(2,R) + + +
O(1, 2) o SL(2,R) + − −
SO(3) o SU(2) + + −
E(2) + + 0
E(2) + 0 −
E(1, 1) + − 0
E(1, 1) + 0 +
H3 + 0 0
H3 0 0 −
R⊕ R⊕ R 0 0 0
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Meanwhile,
g4 :
[e1, e2] = −e2 + (2ε− β)e3, ε = ±1
[e1, e3] = −βe2 + e3
[e2, e3] = αe1,
and the table that follows contains the different options for the Lorentzian groups
with Lie algebras of that type.
G α β
O(1, 2) o SL(2,R) 6= 0 6= ε
E(1, 1) 0 6= ε
E(1, 1) < 0 ε
E(2) > 0 ε
H3 0 ε
For the Lie brackets of the non-unimodular groups we have the following expres-
sions given by Cordero in [9]:
g5 :
[e1, e2] = 0
[e1, e3] = αe1 + βe2
[e2, e3] = γe1 + δe2, α+ δ 6= 0, αγ + βδ = 0,
g6 :
[e1, e2] = αe2 + βe3
[e1, e3] = γe2 + δe3, α+ δ 6= 0, αγ − βδ = 0
[e2, e3] = 0,
g7 :
[e1, e2] = −αe1 − βe2 − βe3
[e1, e3] = −αe1 + βe2 + βe3
[e2, e3] = γe1 + δe2 + δe3, α+ δ 6= 0 αγ = 0.
.
2.2. Lorentzian symmetric spaces of dimension 3. A connected pseudo-Rie-
mannian manifold (M, g) is symmetric if for every p ∈ M there is an isometry
Sp : M −→ M such that Sp(p) = p and dSpp = −IdTpM . It is known that a
simply connected pseudo-Riemannian manifold is symmetric if its curvature tensor
is covariantly constant.
The pseudo-sphere Sn1 (r) and the pseudo-hyperbolic space H
n
1 (r) are examples
of Lorentzian symmetric spaces of constant sectional curvature; they are given by
the quadrics
S
n
1 (r) = {x ∈ R
1,n : 〈x, x〉1,n = −x
2
1 + x
2
2 + . . .+ x
2
n+1 = r
2}
and
H
n
1 (r) = {x ∈ R
2,n−1 : 〈x, x〉2,n−1 = −x
2
1 − x
2
2 + x
2
3 + . . .+ x
2
n+1 = −r
2}.
Now let us review the classification of the Lorentzian symmetric spaces given in
[4, 5, 6, 26].
A connected pseudo-Riemannian manifold (M, g) is called indecomposable, if
there is no proper, non-degenerate subspace of TxM invariant under the action of
the holonomy group Holx(g). Otherwise it is said to be decomposable.
The de Rham-Wu decomposition Theorem [28, 27] says that each simply con-
nected complete pseudo-Riemmanian space is isometric to a productM0× . . .×Mr
where for all i 6= 0, Mi is an indecomposable simply connected symmetric pseudo-
Riemannian space of dimension ≥ 2 andM0 is a semi-euclidean space (a space with
non degenerated metric and trivial holonomy group).
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In the case of the dimension 3, a decomposable symmetric Lorentzian space
(M, g) is isometric to a product space M0 ×M1 with the following factors:

M0 ≡ (R,−dx
2) M1 ≡
{
S2(r)
H2(r),
M0 ≡ (R, dx
2) M1 ≡


∼
S21(r)
∼
H21(r).
Finally, it follows from [6] and [26] that the indecomposable simply connected
Lorentzian symmetric spaces of dimension 3 are the following:


the de Sitter space S31(r) ⊂ R
1,3,
the universal covering of the anti de Sitter space H31(r),
the Cahen-Wallach space Mc := (R
3, g
c
), g
c (s,t,x) := 2dsdt+ cx
2ds2 + dx2,
c = ±1.
Since the second fundamental group of a Lie group is necessarily trivial (see [25,
Pag. 116-118]) we have that in the list above of symmetric spaces, S31 and R− × S
2
do not admit a Lie group structure.
According to Theorem 1, in Sections 2.1 and 2.2 is given a complete list of the
simply connected, complete homogeneous Lorentzian manifolds of dimension 3.
3. Representation of a surface into a metric Lie group
3.1. Spinor bundle of a Lie group G. Let G be a simply connected Lorentzian
Lie group of dimension 3 endowed with a left-invariant metric 〈·, ·〉 and g its Lie
algebra.
The g-valued 1-form
ωg(v) = dL
g−1
(v), v ∈ TgG(1)
is the Maurer-Cartan form and we use it to give a trivialization of the tangent
bundle of G
TG −→ G× g(2)
X 7−→ (g, ωg(X)).
A section X : G −→ g of TG is a left-invariant section if it is a constant function.
Let us define Γ : g −→ Λ2g as the application that associates to each left-
invariant section X : G −→ g the linear skew-symmetric transformation Γ(X) that
satisfies
(3) ∇XY = Γ(X)(Y ),
for all left-invariant section Y ∈ Γ(TG) and where ∇ the Levi-Civita connection of
G.
The connection ∇ is torsion free, then, for all X,Y ∈ g,
(4) Γ(X)(Y )− Γ(Y )(X) = [X,Y ].
Since the tangent bundle of G is trivial, its orthonormal frame bundle is QG =
G× SO(g) and Q˜G = G× Spin(g) is a spin structure over that bundle.
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The spin group has a natural representation in the Clifford algebra Cl(g) given
by the left-multiplication
ρ : Spin(g) −→ Gl(Cl(g))(5)
x 7−→
ρ(x) : Cl(g) −→ Cl(g)
v 7−→ x · v.
We define the spinor bundle (which is not in general the usual spinor bundle
since the representation ρ is not the usual spin representation (it is not irreducible
and not complex)) as the following bundle associated to Q˜G:
ΣG := Q˜G ×ρ Cl(g),(6)
that is, we identify (p, q) and (p′, q′) belonging to Q˜G × Cl(g) if there exists g ∈
Spin(g) such that (p′, q′) = (p · g, ρ(g−1)q).
Lemma 3.1. There is a natural isomorphism between the spinor bundle ΣG and
the trivial bundle G× Cl(g).
Proof. Since ρ(xy)ρ(y−1)(σ) = ρ(x)(σ) for all x, y ∈ Spin(g) and σ ∈ Cl(g), the
application
ΣG = {G× Spin(g)} ×ρ Cl(g) −→ G× Cl(g)
[((g, x), σ)] 7−→ (g, ρ(x)σ)
is a morphism of vector bundles and its inverse is
G× Cl(g) −→ ΣG = {G× Spin(g)} ×ρ Cl(g)
(g, σ) 7−→
[
((g, 1
Cl(g)
), σ)
]
.

In a slightly different context, the covariant derivative over ΣG is defined in [3,
Thm. 2.7] as follows: if ϕ is a section of ΣG, X ∈ TG and ∂ is the usual derivative
in the trivialization of the above lemma, then the covariant derivative is
(7) ∇GXϕ = ∂Xϕ+
1
2
∑
1≤k<l≤3
εkεl〈∇Xek, el〉ek · el · ϕ,
where (e1, e2, e3) is an orthonormal frame of G, εj = 〈ej , ej〉 = ±1 and ∇ is the
Levi-Civita connection in G.
Let us call a section ϕ of ΣG a left-invariant spinor field if it is constant when
regarded as a function from G to Cl(g). Then, after (7) the covariant derivative of
a left-invariant spinor field ϕ is
(8) ∇GXϕ =
1
2
Γ(X) · ϕ,
where Γ(X) ∈ Λ2g ⊂ Cl(g) and · is the product in the Clifford algebra.
If (M, g) is an orientable Riemannian (Lorentzian) surface isometrically im-
mersed in G , ΣG = ΣM ⊗ ΣE, ∇ = ∇M ⊗ ∇E and the Gauss formula of the
immersion M →֒ G is the following: for all X ∈ TM
(9) ∇Xϕ = −
1
2
2∑
j=1
εjej ·B(X, ej) · ϕ+∇
G
Xϕ, εj = g(ej, ej) = ±1
where ∇ denotes the covariant derivative in ΣM ⊗ ΣE for ΣE the spinor bundle
of the normal bundle, B is the second fundamental form of the immersion and ϕ is
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a section of ΣG|M . If ϕ is a left-invariant spinor field in ΣG|M it follows from (8)
that equation (9) is equivalent to
(10) ∇Xϕ = −
1
2
2∑
j=1
εjej · B(X, ej) · ϕ+
1
2
Γ(X) · ϕ, εj = g(ej , ej),
for all X ∈ TM .
3.2. The twisted spinor bundle over a surface. Let (M, g) be an orientable
pseudo-Riemannian surface of signature (r1, s1), where (r1, s1) = (0, 2) if M is
Riemannian and (r1, s1) = (1, 1) if M is Lorentzian (orientable in space and in
time in the Lorentzian case). Let us consider the trivial vector bundle E =M ×R
endowed with a metric of signature (r2, s2) in each fiber, where (r2, s2) = (1, 0)
if M is Riemannian and (r2, s2) = (0, 1) if M is Lorentzian, in other words, the
metric in such bundle is respectively −dν2 or +dν2.
Let Q˜M and Q˜E be the respective spin structures in M and E. Since the or-
thonormal frame bundle of E is QE = M × {1} we have that Q˜E −→ M is the
trivial double covering with fiber {1,−1}. Let us now define the spinor bundles
appearing in this abstract setting.
Consider the following representations of the spin group
ρ1 : Spin(r1, s1) −→ Gl(Clr1,s1)(11)
x 7−→
ρ1(x) : Clr1,s1 −→ Clr1,s1
v 7−→ x · v,
and
ρ2 : Spin(r2, s2) −→ Gl(Clr2,s2)(12)
x 7−→
ρ2(x) : Clr2,s2 −→ Clr2,s2
v 7−→ x · v.
The spinor bundles over M and E are ΣM and ΣE, respectively:
ΣM :=
∼
QM ×ρ1 Clr1,s1 and ΣE :=
∼
QE ×ρ2 Clr2,s2 .(13)
Since the algebras Clr1,s1⊗̂Clr2,s2 and Clr1+r2,s1+s2 are isomorphic, the vector
bundle ΣM ⊗ ΣE is isomorphic to
Σ :=
∼
QM ×M
∼
QE ×ρ Cl1,2,(14)
where
ρ : Spin(r1, s1)× Spin(r2, s2) −→ Gl(Cl1,2)(15)
(g1, g2) 7−→
ρ(x) : Cl1,2 −→ Cl1,2
v 7−→ g1g2 · v.
We interpret the sub-bundle
UΣ :=
∼
QM ×M
∼
QE ×ρ Spin(1, 2) ⊂ Σ
as the bundle of unit spinors.
For the representation
Spin(2)× Spin(1) −→ Spin(1, 2)
Ad
−→ SO(1, 2) −→ Gl(Cl1,2)
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we have as usual the Clifford bundle
ClΣ :=
∼
Q×Ad Cl1,2
which gives us the Clifford action · : ClΣ × Σ −→ Σ.
3.3. Definition and properties of 〈〈·, ·〉〉. In this section we define an application
〈〈·, ·〉〉 : Σ × Σ −→ Cl(g) which will permit us to give an explicit representation
formula for a surface immersed in a 3-dimensional Lorentzian Lie group.
Consider the involutive anti-automorphism τ : Cl(g) −→ Cl(g) as the linear
extension of Cl(g) −→ Cl(g), x1 ·. . .·xk 7−→ xk ·. . .·x1 and the following application
〈〈·, ·〉〉 : Cl(g)× Cl(g) −→ Cl(g)
(σ1, σ2) 7−→ τ(σ2)σ1.
If g ∈ Spin(g) and v, w ∈ Cl(g) then
〈〈g · v, g · w〉〉 = τ(g · w) · g · v
= τ(w) · τ(g) · g · v
= τ(w) · v = 〈〈v, w〉〉,
which shows that 〈〈·, ·〉〉 is Spin(g)-equivariant and extends to Σ
〈〈·, ·〉〉 : Σ× Σ −→ Cl(g)(16)
(ϕ, ψ) 7−→ τ([ψ])[ϕ],
where the brackets [ϕ] and [ψ] are the coordinates of ϕ and ψ in a spinorial frame.
The proofs of following two lemmas can be found in [2].
Lemma 3.2. For all ϕ, ψ ∈ Γ(Σ) and X ∈ Γ(TM ⊕ E)
〈〈ϕ, ψ〉〉 = τ〈〈ψ, ϕ〉〉(17)
and
〈〈X · ϕ, ψ〉〉 = 〈〈ϕ,X · ψ〉〉.(18)
Lemma 3.3. The connection ∇ is compatible with the product 〈〈·, ·〉〉, that is,
∂X〈〈ϕ, ψ〉〉 = 〈〈∇Xϕ, ψ〉〉+ 〈〈ϕ,∇Xψ〉〉
for all ϕ, ψ ∈ Γ(Σ) and X ∈ TM .
3.4. Representation theorem of a surface into a Lie group. In this section
we characterize the immersion of a pseudo-Riemannian surface in a 3-dimensional
Lorentzian Lie group.
LetG be a 3-dimensional Lorentzian Lie group endowed with a left-invariant met-
ric 〈·, ·〉 and (M, g) an orientable pseudo-Riemmanian surface of signature (r1, s1).
Let us consider the trivial bundle E =M ×R with metric −dν2 or dν2 depending
on whether M is Riemannian or Lorentzian: we will denote the signature of that
metric by (r2, s2) with (r2, s2) = (1, 0) in the first case and (r2, s2) = (0, 1) in the
second case. Consider a bilinear symmetric form B : TM × TM −→ E.
The following compatibility conditions onM , G and B will appear to be necessary
to state our theorem.
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(1) There exists a bundle isomorphism
(19) f : TM ⊕ E −→M × g
which preserves the metrics; from this isomorphism we define
(20) Γ : TM ⊕ E −→ Λ2(TM ⊕ E) ⊂ ClΣ
such that, for all X,Y ∈ Γ(TM ⊕ E),
(21) f(Γ(X)(Y )) = Γ(f(X))(f(Y )),
where in the right hand side of the equation, Γ is the application defined
in (3). Furthermore, we say that a section Z of TM ⊕E is left-invariant if
f(Z) :M −→ g is a constant map.
(2) We use ∇ to denote the covariant derivative of TM ⊕ E given by the sum
of Levi-Civita connection in M and the trivial connection in E. We assume
that the covariant derivative of a left-invariant section Z ∈ Γ(TM ⊕ E) is
(22) ∇XZ = Γ(X)(Z)−B(X,Z
T ) +B∗(X,ZN ),
for all X ∈ TM , where Z = ZT +ZN ∈ TM⊕E and B∗ : TM×E −→ TM
is the bilinear operator that satisfies
(23) 〈B(X,Y ), N〉 = 〈Y,B∗(X,N)〉,
for all X,Y ∈ Γ(TM) and N ∈ Γ(E).
Now, we are going to enunciate the main theorem of this section whose proof in a
slightly different context can be found in [2].
Theorem 2. Additionally, we suppose that r1 + r2 = 1, s1 + s2 = 2 and that M is
simply connected. The following statements are equivalent:
(1) There exists a section ϕ ∈ Γ(UΣ) such that
∇Xϕ = −
1
2
2∑
j=1
εjej · B(X, ej) · ϕ+
1
2
Γ(X) · ϕ, εj = g(ej , ej)(24)
for all X ∈ TM .
(2) There exists an isometric immersion F : M → G with normal bundle E
and second fundamental form B.
Precisely, if ϕ is a solution of equation (24), replacing ϕ by ϕ · a for some a ∈
Spin(g) if necessary, we consider the g-valued 1-form given by
(25) ξ(X) = 〈〈X · ϕ, ϕ〉〉,
for all X ∈ TM and the formula F =
∫
ξ defines an isometric immersion F :
M −→ G with normal bundle E and second fundamental form B. Above,
∫
denotes
the Darboux integral (see [17, Pag. 165]), i.e., F =
∫
ξ : M −→ G is such that
F ∗ωG = ξ for ωG ∈ Ω
1(G, g) the Maurer-Cartan form defined in (1). Reciprocally,
an isometric immersion M −→ G with normal bundle E and second fundamental
form B can be written in that way.
The explicit representation formula F =
∫
ξ is a generalized Weierstrass formula
for Lie groups.
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Let us write the compatibility conditions in a local frame (eo1, e
o
2, e
o
3) such that
〈eoi , e
o
j〉 = 0 if i 6= j and 〈e
o
1, e
o
1〉 = 〈e
o
2, e
o
2〉 = 1 = −〈e
o
3, e
o
3〉. Denote by Γ
k
ij ∈ R,
1 ≤ i, j, k ≤ 3 the constants that satisfy
Γ(eoi )(e
o
j ) =
3∑
k=1
εkΓ
k
ije
o
k, εk = 〈e
o
k, e
o
k〉 = ±1.
Remark 1. Let N be a section of the trivial bundle E that satisfies 〈N,N〉 = ε,
where ε is −1 if M is a Riemannian surface and +1 if M is a Lorentzian surface.
For i ∈ {1, 2, 3} we choose ei ∈ Γ(TM⊕E) such that f(ei) = e
o
i . Let us consider
νi ∈ C
∞(M) and Ti ∈ Γ(TM) that satisfy the equality ei = Ti+ νiN ; since f is an
isometry (e1, e2, e3) is an orthonormal frame of TM ⊕ E and also
(26) 〈Ti, Tj〉+ ενiνj = εiδij ,
for all i, j ∈ {1, 2, 3}. With this notation, the equation (22) is equivalent to
∇XTj =
∑
1≤i,k≤3
εiεkΓ
k
ij〈X,Ti〉Tk + νjS(X)(27)
dνj(X) =
∑
1≤i,k≤3
εiεkΓ
k
ij〈X,Ti〉νk − h(X,Tj), 1 ≤ j ≤ 3,(28)
where S(X) = B∗(X,N) and h(X,Tj) = 〈B(X,Tj), N〉. Reciprocally, if there exist
vector fields Ti ∈ Γ(TM) and functions νi ∈ C
∞(M) for i ∈ {1, 2, 3} such that
(26), (27) and (28) are satisfied, then f : TM ⊕ E −→ M × g given by f(ei) = e
o
i
for ei = Ti+ νiN is a bundle isomorphism that preserves the metrics and such that
(22) is satisfied.
4. Intrinsic version of the immersion theorem in Lie groups
In this section we rewrite Theorem 2 using a spinor field in ΣM and a symmetric
operator that is defined in TM .
4.1. Immersion of a Riemannian surface. Let M be a simply connected Rie-
mannian surface and the trivial vector bundle E =M ×R endowed with the metric
−dν2 in each fiber. For a symmetric bilinear form B : TM × TM −→ E and a
section N of E such that 〈N,N〉 = −1 define S : TM −→ TM as the symmetric
operator associated to B which is determined by 〈B(X,Y ), N〉 = 〈S(X), Y 〉 for all
X,Y ∈ TM . Explicitly, for all X ∈ TM
S(X) =
∑
j
ej〈B(X, ej), N〉.
Assume that there exist vector fields Ti ∈ Γ(TM) and functions νi ∈ C
∞(M),
i = 1, 2, 3, satisfying the compatibility conditions (26)-(28). Let us set for all
X ∈ TM
Γ1(X) =
3∑
i=1
εi〈X,Ti〉
∑
j<k
εjεkΓ
k
ij
1
2
(Tj · Tk − Tk · Tj)
and
Γ2(X) =
3∑
i=1
εi〈X,Ti〉
∑
j<k
εjεkΓ
k
ij(νjTk − νkTj).
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The decomposition Cl1,2 = Cl
0
1,2 ⊕Cl
1
1,2 induces a splitting Σ = Σ0 ⊕Σ1 of the
spinor bundle, and there is a natural identification
ΣM → Σ0
ψ 7→ ψ∗(29)
such that
(∇Xψ)
∗ = ∇Xψ
∗,(30)
(X · ψ)∗ = iN ·X · ψ∗,
|ψ+|2 − |ψ−|2 = 〈〈ψ∗, ψ∗〉〉,
for all X ∈ TM and N a unit section of E (Details are given in Appendix A).
Theorem 3. The following statements are equivalent:
(1) There exists an isometric immersion of M into G with shape operator S.
(2) There exists ψ ∈ Γ(ΣM) solution of
(31) ∇
X
ψ =
i
2
S(X) · ψ +
1
2
Γ1(X) · ψ +
i
2
Γ2(X) · ψ
for all X ∈ TM and such that |ψ+|2 − |ψ−|2 = 1.
Recall the notation of Remark 1: (e1, e2, e3) is an orthonormal basis of invariant
vector fields in TM ⊕ E, and for k = 1, 2, 3, Tk ∈ Γ(TM) and νk ∈ C
∞(M) are
such that ek = Tk + νkN . The proof of the following lemma can be found in a
different context in [2].
Lemma 4.1. For all X ∈ TM,
(32)
Γ(X) =
∑
i
εi〈X,Ti〉
∑
j<k
εjεkΓ
k
ij
(
1
2
(Tj · Tk − Tk · Tj) + (νkTj − νjTk) ·N
)
,
where εi = 〈ei, ei〉 = ±1.
After some calculations we have from the properties in (30) the following lemma
(details can be found in [29]).
Lemma 4.2. For Tj, Tk ∈ Γ(TM), νj , νk ∈ C
∞(M), N an unit section of E and
ψ a spinor field of ΣM the following identities are true:
(1)
(Tj · Tk − Tk · Tj) · ψ
∗ = ((Tj · Tk − Tk · Tj) · ψ)
∗,
(2)
(νkTj − νjTk) ·N · ψ
∗ = (i(νkTj − νjTk) · ψ)
∗,
(3)
−
1
2
2∑
j=1
ej · B(X, ej) · ψ
∗ =
(
i
2
S(X) · ψ
)∗
.
Proof of Theorem 3. Let ψ ∈ Γ(ΣM) be a solution of (31) such that |ψ+|2−|ψ−|2 =
1. If we apply the isomorphism (29) to both sides of that equation we deduce from
Lemmas 4.1 and 4.2 that
(33) (∇
X
ψ)∗ = (
i
2
S(X) · ψ)∗ + (
1
2
Γ1(X) · ψ +
i
2
Γ2(X) · ψ)
∗
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is equivalent to
(34) ∇
X
ψ∗ = −
1
2
2∑
j=1
ej ·B(X, ej) · ψ
∗ +
1
2
Γ(X) · ψ∗,
where ϕ := ψ∗ is in Γ(UΣ) and then, the last equation is equivalent to (24) and
the conclusion is a consequence of Theorem 2 . 
The following corollary gives a new proof of the spinorial characterization of the
immersions in R1,2 obtained in [1]. See [14] for a proof through two spinor fields.
Corollary 1. If G = R1,2 the following statements are equivalent:
(1) There exists an isometric immersion of M into R1,2 with shape operator S.
(2) There exists ψ ∈ Γ(ΣM) solution of
(35) ∇
X
ψ =
i
2
S(X) · ψ,
for all X ∈ TM and such that |ψ+|2 − |ψ−|2 = 1 .
Proof. In this case Γkij = 0 for all i, j, k ∈ {1, 2, 3} and then Γ(X) = 0 . 
Remark 2. Using the notation in this section we can prove (see Proposition 3.4.13
of [29]) that if ψ+ and ψ− are the components of ψ as in Theorem 3 then the 1-form
ξ(X) = 〈〈X · ϕ, ϕ〉〉 of Theorem 2 can be expressed as follows
(36) ξ(X) = 2iIℑm〈X · ψ−, ψ+〉+ J(〈X · ψ+, α(ψ+)〉 − 〈X · ψ−, α(ψ−)〉),
where α : ΣM −→ ΣM is a quaternionic structure.
4.2. Immersion of a Lorentzian surface. Let (M, g) be a simply connected
Lorentzian surface and E = M × R the trivial vector bundle endowed with the
metric dν2 in each fiber. Let B : TM × TM −→ E be a bilinear symmetric form
and its associated symmetric operator S : TM −→ TM given as
S(X) =
2∑
j=1
εj〈B(X, ej), N〉ej , εj = 〈ej , ej〉 = ±1,
for all X ∈ TM and N a fixed unit section of E.
Assume that there exist vector fields Ti ∈ Γ(TM) and functions νi ∈ C
∞(M),
i = 1, 2, 3, satisfying the compatibility conditions (26)-(28). Let us set for all
X ∈ TM
(37)
∼
Γ(X) =
∑
i
εi〈X,Ti〉
∑
j<k
εjεkΓ
k
ij
(
1
2
(Tj · Tk − Tk · Tj) + (νkTj−, νjTk)
)
.
The decomposition Cl1,2 = Cl
0
1,2 ⊕Cl
1
1,2 induces a splitting Σ = Σ0 ⊕Σ1 of the
spinor bundle, and there is a natural identification
ΣM → Σ0
ψ 7→ ψ∗(38)
such that
(∇Xψ)
∗ = ∇Xψ
∗,(39)
(X · ψ)∗ = X ·N · ψ∗,
|ψ+|2 − |ψ−|2 = 〈〈ψ∗, ψ∗〉〉,
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for all X ∈ TM(details are given in Appendix A).
Theorem 4. The following statements are equivalent:
(1) There exists an isometric immersion of M into G with shape operator S.
(2) There exists ψ ∈ Γ(ΣM) solution of
(40) ∇
X
ψ = −
1
2
S(X) · ψ +
1
2
∼
Γ(X) · ψ,
for all X ∈ TM and such that |ψ+|2 − |ψ−|2 = 1.
Proof. Let ψ be a section of ΣM with |ψ+|2 − |ψ−|2 = 1 that satisfies (40), if we
apply the isomorphism given in (38) to that equation it follows from properties (39)
that (∇
X
ψ)∗ = ∇Xψ
∗, (− 12S(X) · ψ)
∗ = − 12
∑2
j=1 εjej · B(X, ej) · ψ
∗, and that if
Γ(X) is as in Lemma 4.1 then(
1
2
∼
Γ(X) · ψ
)∗
=
1
2
Γ(X) · ψ∗.
for
∼
Γ(X) as in (37). Therefore, the following equation
(41) (∇
X
ψ)∗ = (−
1
2
S(X) · ψ)∗ + (
1
2
∼
Γ(X) · ψ)∗,
is equivalent to
∇
X
ψ∗ = −
1
2
2∑
j=1
εjej ·B(X, ej) · ψ
∗ +
1
2
Γ(X) · ψ∗,
so if we set ϕ := ψ∗ the above equation is equivalent to (24) and the result is a
consequence of Theorem 2 . 
Corollary 2. If M is a simply connected Lorentzian surface and G = R1,2 then
the following statements are equivalent:
(1) There exists an isometric immersion of M in R1,2 with shape operator S.
(2) There exists ψ ∈ Γ(ΣM) solution of
∇
X
ψ = −
1
2
S(X) · ψ,(42)
for all X ∈ TM and such that |ψ+|2 − |ψ−|2 = 1.
See [12] and [14] to find a proof of the above result through two spinor fields.
Proof. In that case Γkij = 0 for all i, j, k ∈ {1, 2, 3} and then
∼
Γ(X) = 0 for all
X ∈ TM . 
5. Representation of a surface in Lorentzian products
In this section we characterize the immersions of an orientable Riemannian sur-
face (M, g) in a symmetric Lorentzian product which is according to [7] locally
isometric to a Lie group with the following Lie algebras:
a :
[e1, e2] = αe2
[e1, e3] = 0
[e2, e3] = 0
b :
[e1, e2] = 0
[e1, e3] = αe1
[e2, e3] = 0
c :
[e1, e2] = 0
[e1, e3] = δe3
[e2, e3] = 0,
where α, δ 6= 0 and 〈e1, e1〉 = 〈e2, e2〉 = 1 = −〈e3, e3〉 and 〈ei, ej〉 = 0 for i 6= j.
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The Lie groups with Lie algebras a, b and c are isometric to H2 × R−, R × S
2
1
and R× H21, respectively. It is worth mentioning that a and c are particular cases
of the Lie algebra g6, while b is a particular case of g5.
By the Koszul formula, the only non-zero components for the covariant derivative
∇ are, in each case,
a : ∇e2e1 = −αe2
∇e2e2 = αe1,
b : ∇e1e1 = αe3
∇e1e3 = αe1,
c : ∇e3e1 = −δe3
∇e3e3 = −δe1.
(43)
We assume the following compatibility conditions (see Remark 1): there exist
tangent vector fields Ti ∈ TM and functions νi ∈ C
∞(M) such that for all
i, j ∈ {1, 2, 3}
〈Ti, Tj〉 − νiνj = εiδij ,
∇XTj =
∑
1≤i,k≤3
εiεkΓ
k
ij〈X,Ti〉Tk + νjS(X)
dνj(X) =
∑
1≤i,k≤3
εiεkΓ
k
ij〈X,Ti〉νk − h(X,Tj), 1 ≤ j ≤ 3,
where S(X) = B∗(X,N), h(X,Tj) = 〈B(X,Tj), N〉 and εj = ±1.
Theorem 5. If M is simply connected then the following statements are equivalent:
(1) There exists ψ ∈ Γ(ΣM) solution of
(44) ∇
X
ψ =
i
2
S(X) · ψ −
α
2
〈X,T2〉(iT3 + ν3) · ω · ψ,
for all X ∈ TM and such that |ψ+|2 − |ψ−|2 = 1. Here ω = ǫ1 · ǫ2 where
(ǫ1, ǫ2) is a positively oriented orthonormal basis of M .
(2) There exists an isometric immersion of M into H2×R− with shape operator
S.
Proof. We prove that the existence of a solution of equation (44) is equivalent to
the existence of a solution of equation (24) and then use Theorem 2 to obtain the
result. It follows from Lemma B.1 that the bivector representing Γ(X) is
Γ(X) =
1
2
(e1 · Γ(X)(e1) + e2 · Γ(X)(e2)− e3 · Γ(X)(e3)),
where (e1, e2, e3) is as in Remark 1. By (43) we have that
Γ(X)(e1) = −α〈X, e2〉e2, Γ(X)(e2) = α〈X, e2〉e1 and Γ(X)(e3) = 0,
and then Γ(X) = −α〈X, e2〉e1 · e2. Since ek = Tk + νkN and e1 · e2 · e3 = ω ·N it
follows that
Γ(X) = −α〈X, e2〉e1 · e2
= −α〈X, e2〉e1 · e2 · e3 · e3
= −α〈X,T2〉ω ·N · (T3 + ν3N)
= −α〈X,T2〉(−N · T3 + ν3) · ω.
We now apply to the equation (44) the isomorphism given in (85) to obtain
−
1
2
2∑
j=1
ej · B(X, ej) · ψ
∗ =
(
i
2
S(X) · ψ
)∗
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and
1
2
Γ(X) · ψ∗ =
(
−
1
2
α〈X,T2〉(iT3 + ν3) · ω · ψ
)∗
.
Therefore, if ϕ := ψ∗, the equation
∇
X
ϕ = −
1
2
2∑
j=1
ej ·B(X, ej) · ϕ+
1
2
Γ(X) · ϕ
is equivalent to (44). 
The proofs of Theorems 6 and 7 below are similar to the proof of Theorem 5 so
we omit them.
Theorem 6. If M is simply connected, the following statements are equivalent:
(1) There exists ψ ∈ Γ(ΣM) solution of
(45) ∇
X
ψ =
i
2
S(X) · ψ +
α
2
〈X,T1〉(iT2 + ν2) · ω · ψ,
for all X ∈ TM and such that |ψ+|2 − |ψ−|2 = 1.
(2) There exists an isometric immersion of M into R× S21 with shape operator
S.
Theorem 7. If M is simply connected then the following statements are equivalent:
(1) There exists ψ ∈ Γ(ΣM) solution of
(46) ∇
X
ψ =
i
2
S(X) · ψ +
α
2
〈X,T3〉(iT2 + ν2)) · ω · ψ,
for all X ∈ TM and such that |ψ+|2 − |ψ−|2 = 1.
(2) There exists an isometric immersion of M into R×H21 with shape operator
S.
6. Representation of a surface in S31 and H
3
1
6.1. Representation of a surface in S31. The 3-dimensional de Sitter space is
the Lorentzian hypersurface of R1,3 with constant sectional curvature 1 which is
determined by the following quadric:
S
3
1 = {(x1, x2, x3, x4) ∈ R
1,3 : −x21 + x
2
2 + x
2
3 + x
2
4 = 1}.(47)
The Gauss application of the immersion of S31 in R
1,3 is the identity and then the
shape operator is given by Sp(h) = −h for all h ∈ TpS
3
1.
If ϕ is a constant spinor field of R1,3 then ∇R
1,3
X ϕ = 0 and its restriction to S
3
1
satisfies
(48) ∇
ΣS31
X ϕ = −
1
2
3∑
j=1
εjej · B
′(X, ej) · ϕ, εj = g(ej, ej) = ±1,
where B′ denotes the second fundamental form of the immersion S31 →֒ R
1,3.
Since S(X) =
∑3
j=1 εjej · 〈B
′(X, ej), η〉 for η the outward normal vector field of
S31 in R
1,3, (48) reduces to
∇
ΣS31
X ϕ =
1
2
X · η · ϕ.(49)
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We conclude that if M is isometrically immersed in S31 and ϕ is a constant spinor
field, then, by the Gauss formula
(50) ∇Xϕ = −
1
2
2∑
j=1
ej · B(X, ej) · ϕ+
1
2
X · η · ϕ,
for all X ∈ TM and B the second fundamental form of the immersion of M into
S31.
For a simply connected Riemannian surfaceM and the trivial vector bundle E =
M ×R with metric −dν2 in each fiber let us denote by
∼
QM and
∼
QE their respective
spinorial structures. Consider the symmetric bilinear form B : TM × TM −→ E.
Identify the 4-dimensional Minkowski space R1,3 with the space R1,2 ⊕ Re4,
where e4 is the last element of the standard orthonormal basis of R
1,3. Consider the
application Spin(0, 2)×Spin(1, 0)−→ Spin(1, 2) ⊂ Spin(1, 3) given by (g1, g2) 7−→
g1g2 and define ρ as follows
ρ : Spin(0, 2)× Spin(1, 0) −→ Gl(Cl1,3)
(g1, g2) 7−→
ρ(g1, g2) : Cl1,3 −→ Cl1,3
v 7−→ g1g2 · v.
For
∼
Q =
∼
QM ×M
∼
QE let us define the following bundles over M
Σ :=
∼
Q×ρ Cl1,3, UΣ :=
∼
Q×ρ Spin(1, 3) ⊂ Σ and ClΣ :=
∼
Q×Ad Cl1,3.
Denote by ν the element in ClΣ that satisfies that its coordinates in every frame
∼
s of
∼
Q are e4, that is, ν = [
∼
s, e4].
Lemma 6.1. If ∇ is the covariant derivative in the vector bundle
∼
Q×AdCl1,3 and
ν is as above then ∇ν = 0.
Proof. Indeed, locally we have that ν = [
∼
s, e4], where
∼
s : U ⊂M −→
∼
Q is a section
of
∼
Q. If α is the connection form of
∼
Q and X ∈ TM then
∇Xν = [
∼
s, de4(X) +Ad∗(α(
∼
s∗(X))(e4)] = 0,
because e4 is constant and α(
∼
s∗(X)) ∈ Λ
2
R
1,2 ⊂ Cl1,2, which implies that
Ad∗(α(
∼
s∗(X))(e4) = 0. 
Theorem 8. The following statements are equivalent:
(1) There exists ϕ ∈ Γ(UΣ) that satisfies the following equation
(51) ∇Xϕ = −
1
2
2∑
j=1
ej · B(X, ej) · ϕ+
1
2
X · ν · ϕ,
for all X ∈ TM .
(2) There exists an isometric immersion F of M into S31 with normal bundle
E and second fundamental form B.
Moreover, F :M −→ S31 is given by
(52) F = 〈〈ν · ϕ, ϕ〉〉.
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Proof. Suppose that there exists ϕ ∈ Γ(UΣ) solution of equation (51). First, we
are going to prove that F , as defined in (52) is contained in S31. By definition, F =
τ [ϕ][ν][ϕ] and since [ϕ] ∈ Spin(1, 3) and [ν] ∈ R1,3 we have that F = Ad([ϕ]−1)([ν]).
Since Ad([ϕ]−1) ∈ SO(1, 3) and [ν] has norm 1 we conclude that Ad([ϕ]−1)([ν]) ∈
S
3
1.
To continue with the proof of 1 =⇒ 2 let us first prove the following two results.
Lemma 6.2. If ϕ ∈ Γ(UΣ) satisfies equation (51) and F :M −→ S31 is defined by
(52) then for all X ∈ TM
dF (X) = 〈〈X · ϕ, ϕ〉〉.
Proof. It follows from Lemma 6.1 that ∇Xν = 0 and from the compatibility of
〈〈 , 〉〉 with the connection we have
dF (X) = 〈〈ν · ∇Xϕ, ϕ〉〉 + 〈〈ν · ϕ,∇Xϕ〉〉
= (id+ τ)〈〈ν · ∇Xϕ, ϕ〉〉
= −
1
2
(id+ τ)〈〈ν ·
2∑
j=1
ej · B(X, ej) · ϕ, ϕ〉〉+
1
2
(id+ τ)〈〈ν ·X · ν · ϕ, ϕ〉〉.(53)
Since
〈〈ν ·
2∑
j=1
ej · B(X, ej) · ϕ, ϕ〉〉 =
2∑
j=1
τ [ϕ][ν][ej ][B(X, ej)][ϕ]
it follows
τ〈〈ν ·
2∑
j=1
ej · B(X, ej) · ϕ, ϕ〉〉 = −
2∑
j=1
τ [ϕ][ν][ej ][B(X, ej)][ϕ],
which gives that the first term of (53) is zero. Finally, since ν ·X · ν = X , we have
1
2
(id+ τ)〈〈ν ·X · ν · ϕ, ϕ〉〉 =
1
2
(id+ τ)〈〈X · ϕ, ϕ〉〉
= 〈〈X · ϕ, ϕ〉〉,
which concludes the proof. 
Proposition 6.3. The following statements are true:
(1) F :M −→ S31 is an isometry.
(2) The application
ΦE : E −→ TS
3
1
X ∈ Em 7−→ (F (m), 〈〈X · ϕ, ϕ〉〉)
is an isomorphism between E and the normal bundle of the immersion F
which preserves the metrics and identifies B with the second fundamental
form of F .
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Proof. For simplicity let us set ξ(X) := 〈〈X · ϕ, ϕ〉〉 for all X ∈ TM ⊕E, then, for
all X,Y ∈ TM ⊕ E
〈ξ(X), ξ(Y )〉 = −
1
2
(ξ(X)ξ(Y ) + ξ(Y )ξ(X))
= −
1
2
(τ [ϕ][X ][ϕ]τ [ϕ][Y ][ϕ] + τ [ϕ][Y ][ϕ]τ [ϕ][X ][ϕ])
= −
1
2
τ [ϕ]([X ][Y ] + [Y ][X ])[ϕ]
= τ [ϕ]〈X,Y 〉[ϕ]
= 〈X,Y 〉,
which proves that F and ΦE are isometries. Now, we prove that B is indeed the
second fundamental form of the immersion, in other words, if NM is the normal
bundle of the immersion and BF : TM × TM −→ NM is the second fundamental
form of the immersion, then
BF (X,Y ) = 〈〈B(X,Y ) · ϕ, ϕ〉〉.
Let X,Y be sections of TM such that ∇X = 0 = ∇Y at a point; we have by
definition
(54) BF (X,Y ) = {∂X(dF (Y ))}
N = (∂X〈〈Y · ϕ, ϕ〉〉)
N .
Since ϕ ∈ Γ(UΣ) is a solution of (51) it follows that
∂X〈〈Y · ϕ, ϕ〉〉 = 〈〈Y · ∇Xϕ, ϕ〉〉 + 〈〈Y · ϕ,∇Xϕ〉〉
= (id+ τ)〈〈Y · ∇Xϕ, ϕ〉〉
= −
1
2
(id+ τ)〈〈Y ·
2∑
j=1
ej ·B(X, ej) · ϕ, ϕ〉〉
+
1
2
(id+ τ)〈〈Y ·X · ν · ϕ, ϕ〉〉.(55)
First, let us prove the following equality
(56) −
1
2
(id+ τ)〈〈Y ·
2∑
j=1
ej · B(X, ej) · ϕ, ϕ〉〉 = 〈〈B(X,Y ) · ϕ, ϕ〉〉.
Let us write X =
∑2
i=1 xiei and Y =
∑2
k=1 ykek, then
Y ·
2∑
j=1
ej ·B(X, ej) =
2∑
k=1
2∑
j=1
ykek · ej · B(X, ej)
= −
∑
j
yjB(X, ej) +
∑
k 6=j
ykek · ej · B(X, ej)
= −B(X,Y ) +
∑
k 6=j
ykek · ej ·B(X, ej),
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therefore,
〈〈Y ·
2∑
j=1
ej · B(X, ej) · ϕ, ϕ〉〉 = 〈〈−B(X,Y ) · ϕ, ϕ〉〉
+
∑
k 6=j
〈〈ykek · ej · B(X, ej) · ϕ, ϕ〉〉
and
τ〈〈Y ·
2∑
j=1
ej ·B(X, ej) · ϕ, ϕ〉〉 = 〈〈−B(X,Y ) · ϕ, ϕ〉〉
−
∑
k 6=j
〈〈ykek · ej · B(X, ej) · ϕ, ϕ〉〉,
which implies (56).
Using (55) and (56), it is enough to finish the proof to verify that 12 (id+ τ)〈〈Y ·
X · ν · ϕ, ϕ〉〉 does not have normal component. If X =
∑
k xkek and Y =
∑
i yiei
then
〈〈Y ·X · ν · ϕ, ϕ〉〉 =
∑
i6=k
yixkτ [ϕ][ei] · [ek] · [ν] · [ϕ]−
∑
k
ykxkτ [ϕ] · [ν][ϕ]
and therefore
τ〈〈Y ·X · ν · ϕ, ϕ〉〉 = −
∑
i6=k
yixkτ [ϕ][ei] · [ek] · [ν] · [ϕ]−
∑
k
ykxkτ [ϕ] · [ν][ϕ],
which implies
1
2
(id+ τ)〈〈Y ·X · ν · ϕ, ϕ)〉〉 = −
∑
k
ykxkτ [ϕ] · [ν] · [ϕ],
which has no component normal to the immersion because for N a section of E,
we can prove that 〈〈〈N ·ϕ, ϕ〉〉, 〈〈ν ·ϕ, ϕ〉〉〉 = 〈[N ], [ν]〉 and conclude using that [N ]
and [ν] = e4 are orthogonal. 
Now, suppose that M is isometrically immersed in S31 ⊂ R
1,3 and consider the
section ϕ ∈ ΣR1,3|M given by ϕ = [1Spin(1,3), 1Cl
R
1,3 ], such section is in UΣ and
satisfies
∇Xϕ = −
1
2
2∑
j=1
ej · B(X, ej) · ϕ+
1
2
X · ν · ϕ,
for ν a section of ClΣ with [ν] = e4. 
6.2. Representation of a surface into H31. The pseudo-hyperbolic space of di-
mension 3 is the Lorentzian hypersurface of R2,2 with constant sectional curvature
−1 given by the following quadric
H
3
1 = {(x1, x2, x3, x4) ∈ R
2,2 : −x21 − x
2
2 + x
2
3 + x
2
4 = −1}.
For M a simply connected Riemannian surface and the trivial vector bundle
E :=M ×R with metric −dν2 in each fiber denote by
∼
QM and
∼
QE their respective
spin structures and set
∼
Q =
∼
QM ×M
∼
QE . Consider a symmetric bilinear form
B : TM × TM −→ E.
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Identify the space R2,2 with Re1 ⊕ R
1,2, where e1 is the first vector of the stan-
dard orthonormal basis of R2,2, that is, 〈e1, e1〉 = −1 and R
1,2 is the space gener-
ated by (e2, e3, e4). Using the application Spin(0, 2)× Spin(1, 0) −→ Spin(1, 2) ⊂
Spin(2, 2) given by (g1, g2) 7−→ g1g2 we define
ρ : Spin(0, 2)× Spin(1, 0) −→ Gl(Cl2,2)
(g1, g2) 7−→
ρ(g1, g2) : Cl2,2 −→ Cl2,2
v 7−→ g1g2 · v.
Define the following bundles over M
Σ :=
∼
Q×ρ Cl2,2, UΣ :=
∼
Q×ρ Spin(2, 2) ⊂ Σ and ClΣ :=
∼
Q×Ad Cl2,2.
We set ν := [
∼
s, e1] ∈ ClΣ. The proof of the following theorem is similar to the
proof of Theorem 8 and we omit it.
Theorem 9. The following statements are equivalent:
(1) There exists ϕ ∈ Γ(UΣ) such that
(57) ∇Xϕ = −
1
2
2∑
j=1
ej · B(X, ej) · ϕ−
1
2
X · ν · ϕ,
for all X ∈ TM .
(2) There exists an isometric immersion F of M into H31 with normal bundle
E and second fundamental form B.
Moreover F :M −→ H31 is given by
F = 〈〈ν · ϕ, ϕ〉〉.
7. Representation of a surface in R− × S
2
The product manifold R− × S
2 is isometrically immersed in R1,3 through the
following equation
R− × S
2 = {(t, x1, x2, x3) : x
2
1 + x
2
2 + x
2
3 = 1} ⊂ R
1,3.
If M is a surface isometrically immersed in R− × S
2 ⊂ R1,3 then, by the Gauss
formula, a constant spinor field ϕ satisfies
(58) ∇Xϕ = −
1
2
2∑
j=1
ej ·B(X, ej) · ϕ+
1
2
X0 · ν · ϕ,
for all X ∈ TM , where B is the second fundamental form of the immersion M →֒
R− × S
2, ν is the outward normal vector field of R− × S
2 in R1,3 and X0 is the
projection of X onto TS2.
Let (M, g) be a simply connected Riemannian surface and E =M×R the trivial
vector bundle endowed with the metric −dν2 in each fiber, let us denote by
∼
QM
and
∼
QE their respective spin structures and set
∼
Q :=
∼
QM ×M
∼
QE .
Let us identify the 4-dimensional Minkowski space R1,3 with R1,2⊕Re4, where e4
is the last vector of the standard orthonormal basis of R1,3. Using the application
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Spin(0, 2) × Spin(1, 0) −→ Spin(1, 2) ⊂ Spin(1, 3) given by (g1, g2) 7−→ g1g2 we
define
ρ : Spin(0, 2)× Spin(1, 0) −→ Gl(Cl1,3)
(g1, g2) 7−→ ρ(g1, g2) :
Cl1,3 −→ Cl1,3
v 7−→ g1g2v.
Define the following bundles over M
Σ :=
∼
Q×ρ Cl1,3, UΣ :=
∼
Q×ρ Spin(1, 3) ⊂ Σ and ClΣ :=
∼
Q×Ad Cl1,3.
Let us set ν := [
∼
s, e4] ∈ ClΣ.
Consider a symmetric bilinear form B : TM × TM −→ E and denote by S :
TM −→ TM the symmetric operator such that 〈S(X), Y 〉 = 〈B(X,Y ), N〉 for all
X,Y ∈ TM and N a unit section of E. Additionally, we assume that there exist
T ∈ Γ(TM) and f ∈ C∞(M) such that
||T ||2 − f2 = −1(59)
∇XT = fS(X)(60)
df(X) = 〈S(X), T 〉.(61)
It follows from (59) that e0 := T + fN has norm −1.
Lemma 7.1. IfM is simply connected and T ∈ Γ(TM) satisfies the above equations
then there exists η :M −→ R such that dη(X) = −〈X,T 〉.
Proof. The latter holds since we have, for all X,Y ∈ Γ(TM),
dβ(X,Y ) = X.β(Y )− Y.β(X)− β([X,Y ])
= 〈∇XY, T 〉+ 〈Y,∇XT 〉 − 〈∇YX,T 〉 − 〈X,∇Y T 〉 − 〈[X,Y ], T 〉
= 〈Y, fS(X)〉 − 〈X, fS(Y )〉
= 0.

Theorem 10. If M is simply connected and η : M −→ R is the differentiable
function of Lemma 7.1 then the following statements are equivalent:
(1) There exists ϕ ∈ Γ(UΣ) such that
(62) ∇Xϕ = −
1
2
2∑
j=1
ej ·B(X, ej) · ϕ+
1
2
X0 · ν · ϕ,
for all X ∈ TM and X0 = X + 〈X, e0〉e0.
(2) There exists an isometric immersion F of M into R− × S
2 with normal
bundle E and second fundamental form B.
Moreover, F :M −→ R− × S
2 is given as
(63) F = η〈〈e0 · ϕ, ϕ〉〉 + 〈〈ν · ϕ, ϕ〉〉.
The proof relies on the following lemma:
Lemma 7.2. If F :M −→ R− × S
2 is defined by (63) then dF (X) = 〈〈X · ϕ, ϕ〉〉,
for all X ∈ TM .
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Proof. By definition of F and as a consequence of the properties of 〈〈·, ·〉〉 it follows
that
dF (X) = dη(X)〈〈e0 · ϕ, ϕ〉〉+ (id+ τ)〈〈ν · ∇Xϕ, ϕ〉〉
+ η(〈〈∇Xe0 · ϕ, ϕ〉〉 + (id+ τ)〈〈e0 · ∇Xϕ, ϕ〉〉).
By hypothesis, dη(X) = −〈X,T 〉 = −〈X, e0〉 and similarly to the proof of
Lemma 6.2 we find that
(id+ τ)〈〈ν · ∇Xϕ, ϕ〉〉 = 〈〈X0 · ϕ, ϕ〉〉.
Then, it follows that
dF (X) = −〈X, e0〉〈〈e0 · ϕ, ϕ〉〉 + 〈〈X0 · ϕ, ϕ〉〉
+ η(〈〈∇Xe0 · ϕ, ϕ〉〉 + (id+ τ)〈〈e0 · ∇Xϕ, ϕ〉〉).
Since
−〈X, e0〉〈〈e0 · ϕ, ϕ〉〉+ 〈〈X0 · ϕ, ϕ〉〉 = 〈〈X · ϕ, ϕ〉〉,
it only remains to prove that
(64) η(〈〈∇Xe0 · ϕ, ϕ〉〉+ (id+ τ)〈〈e0 · ∇Xϕ, ϕ〉〉) = 0.
Using (56) and as in the proof of Proposition 6.3 we find that
(id+ τ)〈〈e0 · ∇Xϕ, ϕ〉〉 = (id+ τ)〈〈T · ∇Xϕ, ϕ〉〉 + (id+ τ)〈〈fN · ∇Xϕ, ϕ〉〉
= 〈〈B(X,T ) · ϕ, ϕ〉〉 + (id+ τ)〈〈fN · ∇Xϕ, ϕ〉〉.(65)
Since ϕ satisfies equation (62) we have that
(id+ τ)〈〈fN · ∇Xϕ, ϕ〉〉 =
1
2
(id+ τ)〈〈fN · (−
2∑
j=1
ej ·B(X, ej) · ϕ+X0 · ν · ϕ), ϕ〉〉.
In the above expression we have on the one hand,
−
f
2
2∑
j=1
N · ej ·B(X, ej) · ϕ = −
f
2
2∑
j=1
N · ej · (−〈B(X, ej), N〉N) · ϕ
= −
f
2
2∑
j=1
〈B(X, ej), N〉ej · ϕ
= −
f
2
S(X) · ϕ,
and then
〈〈−
f
2
N · (
2∑
j=1
ej · B(X, ej) · ϕ), ϕ〉〉 = −
f
2
〈〈S(X) · ϕ, ϕ〉〉
and
τ〈〈
f
2
N · (−
2∑
j=1
ej · B(X, ej) · ϕ), ϕ〉〉 = −
f
2
〈〈S(X) · ϕ, ϕ〉〉
therefore,
(66)
1
2
(id+ τ)〈〈fN · (−
2∑
j=1
ej · B(X, ej) · ϕ), ϕ〉〉 = −f〈〈S(X) · ϕ, ϕ〉〉.
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On the other hand,
τ〈〈fN ·X0 · ν · ϕ, ϕ〉〉 = −〈〈fN ·X0 · ν · ϕ, ϕ〉〉
and consequently,
(67)
1
2
(id+ τ)〈〈fN ·X0 · ν · ϕ, ϕ〉〉 = 0.
From the equations (65), (66) and (67) it follows that
(id+ τ)〈〈e0 · ∇Xϕ, ϕ〉〉 = 〈〈B(X,T ) · ϕ, ϕ〉〉 − f〈〈S(X) · ϕ, ϕ〉〉.
Finally, the conditions (60) and (61) imply that
∇Xe0 = fS(X) + 〈S(X), T 〉N
= fS(X)−B(X,T ),
and therefore,
〈〈∇Xe0 · ϕ, ϕ〉〉+ (id+ τ)〈〈e0 · ∇Xϕ, ϕ〉〉 = 0,
that is, the equality (64) is true and this ends the proof. 
Proof of Theorem 10. Suppose that there exists a solution ϕ ∈ Γ(UΣ) of (62). It
follows from equation (64) that ∂X〈〈e0 · ϕ, ϕ〉〉 = 0 for all X ∈ TM and therefore,
〈〈e0 · ϕ, ϕ〉〉 is constant and can be identified after a rigid motion with e1 the first
element of the standard basis of R1,3.
We prove that 〈〈ν · ϕ, ϕ〉〉 ∈ S2: by definition 〈〈ν · ϕ, ϕ〉〉 = Ad([ϕ]−1)([ν])
and [ϕ]−1 ∈ Spin(1, 3) then, 〈〈ν · ϕ, ϕ〉〉 has norm 1, furthermore 〈〈ν · ϕ, ϕ〉〉 and
〈〈e0 · ϕ, ϕ〉〉 = e1 are orthogonal, so 〈〈ν · ϕ, ϕ〉〉 ∈ S
2 and F (M) ⊂ R− × S
2.
As a consequence of Lemma 7.2 we have that dF (X) = 〈〈X · ϕ, ϕ〉〉 and we can
follow the proof of Proposition 6.3 to obtain that F :M −→ R−×S
2 is an isometry
and
ΦE : E −→ T (R− × S
2)
X ∈ Em 7−→ (F (m), 〈〈X · ϕ, ϕ〉〉)
is a bundle isomorphism between E and the normal bundle of the immersion F
which identifies B to the second fundamental form. The implication 2 =⇒ 1 is a
consequence of the Gauss formula, equation (58). 
8. Applications
8.1. Representation of surfaces in L(κ, τ) spaces. In analogy with the Rie-
mannian homogeneous spaces E(κ, τ) (see [10] and [16]) we have the 3-dimensional
Lorentzian homogeneous spaces L(κ, τ) which are Lorentzian fibrations L(κ, τ) →
M2(κ) where M2(κ) is a Riemannian surface with constant sectional curvature κ;
the fibers of the projection are integral curves of a (complete) time-like unit Killing
vector field ξ over the total space and τ is the bundle curvature which is defined as
the real number such that
(68) ∇Xξ = −τX × ξ
where ∇ is the Levi-Civita connection and × is the natural cross product in L(κ, τ).
A precise description of these spaces is the following: for κ ∈ R, defining
V :=
{
(x, y, z) ∈ R3 : 1 +
κ
4
(x2 + y2) > 0
}
and λ :=
1
1 + κ4 (x
2 + y2)
,
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the space L(κ, τ) is
L(κ, τ) =
(
V, λ2(dx2 + dy2)− (τλ(ydx − xdy) + dz)2
)
.
Using this representation for L(κ, τ) it follows that if σ = κ2τ then
E1 = λ
−1(cos(σz)∂x + sen(σz)∂y) + τ(xsen(σz) − ycos(σz))∂z
E2 = λ
−1(−sen(σz)∂x + cos(σz)∂y) + τ(xcos(σz) − ysen(σz))∂z
E3 = ∂z
is an orthonormal frame such that 〈E1, E1〉 = 〈E2, E2〉 = 1 = −〈E3, E3〉 and
〈Ei, Ej〉 = 0 if i 6= j. Moreover, E1 × E2 = −E3, E2 × E3 = E1, E1 × E3 = −E2.
So, if we define Γkij = 〈∇EiEj , Ek〉 then
Γ321 = Γ
2
13 = τ = −Γ
3
12 = −Γ
1
23(69)
Γ231 = σ + τ = −Γ
1
32
and
[E1, E2] = 2τE3, [E2, E3] = σE1, [E3, E1] = σE2.(70)
We describe in the following table the spaces L(κ, τ) in terms of the values κ
and τ.
κ < 0 κ = 0 κ > 0
τ = 0 H2(κ)× R− L
3
S
2(κ)× R−
τ 6= 0 S˜L12 Nil
1
3 S
3,1
Berger
Some particular cases occur when κ + 4τ2 = 0 : if κ = τ = 0 then L(κ, τ) = L3,
and in the other case L(κ, τ) = H31(κ) (in the table above this space corresponds
to S˜L12). Let us also note that the space S
3
1 does not admit any unit Killing vector
field and therefore cannot be a L(κ, τ) space.
We now assume τ 6= 0 and characterize the immersion of a Riemannian surface
in L(κ, τ) using its Lie group structure (see [1] for a similar result in the space
E(κ, τ)).
The Lie algebra of L(κ, τ) is g = R3 with the Lie bracket given in the canonical
basis by
[eo1, e
o
2] = 2τe
o
3, [e
o
2, e
o
3] = σe
o
1, [e
o
3, e
o
1] = σe
o
2,(71)
for σ = κ2τ . The metric in L(κ, τ) is the left-invariant metric 〈., .〉 such that
(eo1, e
o
2, e
o
3) is an orthonormal basis of g satisfying 〈e
o
1, e
o
1〉 = 〈e
o
2, e
o
2〉 = 1 = −〈e
o
3, e
o
3〉.
Let M be an orientable Riemannian surface and S : TM → TM a symmetric
operator. Let us suppose that there exist T ∈ Γ(TM) and ν ∈ C∞(M) such that
for all X ∈ TM
|T |2 − ν2 = −1,(72)
∇
X
T = ν(S(X) + τJ(X)),(73)
dν(X) = 〈S(X) + τJ(X), T 〉,(74)
where J : TM → TM is the rotation of angle +π/2 in the tangent planes. The
following theorem is similar to Theorem 5 in [1] (and we omit the proof here).
Theorem 11. If M is simply connected then the following statements are equiva-
lent:
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(1) There exists ψ ∈ Γ(ΣM) solution of
(75) ∇
X
ψ =
i
2
S(X) · ψ −
1
2
(iτX + 〈X,T 〉(σ + 2τ)(iT + ν)) · ω · ψ,
for all X ∈ TM and such that |ψ+|2 − |ψ−|2 = 1. Here ω = ǫ1 · ǫ2 where
(ǫ1, ǫ2) is a positively oriented orthonormal basis of M .
(2) There exists an isometric immersion of M into L(κ, τ) with shape operator
S.
As a consequence of that theorem let us deduce a representation theorem for an
immersion in the 3-dimensional anti de Sitter space, when we consider this space
as the group of 2× 2 matrices
SU12 =
{(
z ω
ω z
)
∈M2(C) : |z|
2 − |ω|2 = −1
}
,
whose Lie algebra is {(
iλ a
a −iλ
)
: a ∈ C, λ ∈ R
}
.
A basis for this Lie algebra is
E1 =
(
0 1
1 0
)
, E2 =
(
0 −i
i 0
)
, E3 =
(
i 0
0 −i
)
,
the Lie bracket is determined by
[E1, E2] = 2E3, [E2, E3] = −2E1, [E3, E1] = −2E2,
and the Lorentzian metric of SU21 is the left-invariant metric such that 〈Ei, Ej〉 = 0
if i 6= j and 〈E1, E1〉 = 〈E2, E2〉 = 1 = −〈E3, E3〉.
The non-trivial solution κ = −4 and τ = 1 of κ + 4τ2 = 0 gives that L(κ, τ) =
SU12 and from Theorem 11 we deduce the following representation theorem in this
space.
Theorem 12. Let M be a simply connected Riemannian surface and S : TM →
TM a symmetric operator. Let us suppose that there exist T ∈ Γ(TM) and ν ∈
C∞(M) solutions of (72)-(74) with τ = 1. The following statements are equivalent:
(1) There exists ψ ∈ Γ(ΣM) solution of
(76) ∇
X
ψ =
i
2
S(X) · ψ −
1
2
iX · ω · ψ,
for all X ∈ TM and such that |ψ+|2 − |ψ−|2 = 1.
(2) There exists an isometric immersion of M into SU12 with shape operator
S.
8.2. Correspondence between CMC surfaces in R1,2 and in H31. Let (M, g)
be an oriented Riemannian surface and denote by 〈 , 〉 the real part of the natural
Hermitian product in ΣM . Recall that for X ∈ TM and ψ1, ψ2 sections of ΣM we
have
〈X · ψ1, X · ψ2〉 = 〈ψ1, ψ2〉 if |X | = 1 and 〈X · ψ1, ψ2〉 = −〈ψ1, X · ψ2〉.
Note that if ψ = ψ++ψ− in the decomposition ΣM = Σ+M ⊕Σ−M then 〈ψ, ψ〉 =
|ψ+|2 + |ψ−|2 and if ψ = ψ+ − ψ− then ψ and ψ are related by ie1 · e2 · ψ = ψ for
(e1, e2) a positively oriented orthonormal frame of TM and therefore,
(77) 〈ψ, ie1 · e2 · ψ〉 = 〈ψ, ψ〉 = |ψ
+|2 − |ψ−|2.
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Here, we prove that the Killing-type equation characterizing the immersions of
M in the L(κ, τ) spaces with κ + 4τ2 = 0 (see Theorem 11) is equivalent to its
associated Dirac equation and deduce that the immersions in these spaces are also
characterized by Dirac equations. Let H : M −→ R be a differentiable function
and τ a real number.
Theorem 13. There exists a correspondence between the following data:
(1) A section ψ of ΣM with |ψ+|2 − |ψ−|2 = 1 which is solution of the Dirac
equation
(78) Dψ = −iHψ + iτω · ψ.
(2) A pair (ψ, S), where S is a symmetric operator such that H = 12 trS and
ψ ∈ Γ(ΣM) is solution of
(79) ∇Xψ =
i
2
S(X) · ψ −
i
2
τX · ω · ψ,
for all X ∈ TM and satisfies |ψ+|2 − |ψ−|2 = 1.
To prove this theorem we use the following lemma whose proof can be found in
[29] (see Lemma 9.1.2).
Lemma 8.1. If ψ is a spinor field in ΣM with |ψ+|2 − |ψ−|2 = 1 which satisfies
the equation
Dψ = −iHψ + iτω · ψ
then the operator S : TM −→ TM given by
(80) 〈S(Y ), X〉 =
2
|ψ|2
(
〈iX · ∇Y ψ, ψ〉 −
τ
2
g(X, JY )|ψ|2
)
X,Y ∈ TM,
is symmetric and its trace is H = 12 trS, here J still denotes the rotation of angle
+π/2 in the tangent planes of M.
Proof of Theorem 13. The proof of (2)⇒ (1) readily follows from the definition of
the Dirac operator and we omit it.
If ψ ∈ Γ(ΣM) is a solution of equation (78) and |ψ+|2 − |ψ−|2 = 1 then
( i|ψ|ψ,
i
|ψ|e1 · ψ,
i
|ψ|e2 · ψ,
i
|ψ|e1 · e2 · ψ) is an orthonormal basis of ΣM with respect
to 〈 , 〉 and therefore we have
∇e1ψ =
1
|ψ|2
〈∇e1ψ, iψ〉iψ +
1
|ψ|2
〈∇e1ψ, ie1 · ψ〉ie1 · ψ(81)
+
1
|ψ|2
〈∇e1ψ, ie2 · ψ〉ie2 · ψ +
1
|ψ|2
〈∇e1ψ, ie1 · e2 · ψ〉ie1 · e2 · ψ.
We first note that, for k = 1, 2,
〈∇ekψ, ie1 · e2 · ψ〉 = 0.
This is a direct consequence of (77) with |ψ+|2 − |ψ−|2 = 1 and elementary prop-
erties of 〈., .〉. We then deduce that 〈∇e1ψ, iψ〉 = 0 using the Dirac equation (78):
〈∇e1ψ, iψ〉 = 〈iHψ +−iτe1 · ω · ψ + e1 · ∇e1ψ, ie1 · ψ〉
= −〈Dψ − e1 · ∇e1ψ, ie1 · ψ〉
= −〈e2 · ∇e2ψ, ie1 · ψ〉
= −〈∇e2ψ, ie1 · e2 · ψ〉
= 0.
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So, the expression (81) of ∇e1ψ reduces to
∇e1ψ =
1
|ψ|2
(〈∇e1ψ, ie1 · ψ〉ie1 · ψ + 〈∇e1ψ, ie2 · ψ〉ie2 · ψ)
and from Lemma 8.1 we have that
∇e1ψ =
i
|ψ|2
(〈ie1 · ∇e1ψ, ψ〉e1 + 〈ie2 · ∇e1ψ, ψ〉e2) · ψ
=
i
2
(〈S(e1), e1〉e1 + (〈S(e1), e2〉+ τg(e2, J(e1)))e2) · ψ
=
i
2
S(e1) · ψ −
i
2
τe1 · e1 · e2 · ψ
=
i
2
S(e1) · ψ −
i
2
τe1 · ω · ψ.
We prove in a similar way that ∇e2ψ =
i
2S(e2) · ψ −
i
2τe2 · ω · ψ. 
As a consequence of Theorems 11 and 13 we have the following proposition.
Proposition 8.2. If (M, g) is a simply connected Riemmanian surface then the
following statements are equivalent:
(1) There exists ψ ∈ Γ(ΣM) with |ψ+|2 − |ψ−|2 = 1 solution of the equation
Dψ = −iHψ + iτω · ψ.
(2) There exists an isometric immersion of mean curvatureH ofM into L(κ, τ),
where κ+ 4τ2 = 0.
Now we prove that CMC surfaces in R1,2 naturally correspond to CMC surfaces
in H31. Since R
1,2 and H31 are L(κ, τ) spaces, this correspondence is similar to the
Lawson type correspondence in the E(κ, τ) spaces found by Daniel in [10].
Proposition 8.3. Given an orientable Riemannian surface (M, g) and for each
H1 ∈ (−∞,−1] ∪ [1,∞) there exists a correspondence between the spinor fields ψ1
of ΣM with |ψ+1 |
2 − |ψ−1 |
2 = 1 which satisfy
Dψ1 = −iH1ψ1
and the spinor fields ψ2 with |ψ
+
2 |
2 − |ψ−2 |
2 = 1 which satisfy
(82) Dψ2 = −iH2ψ2 + iω · ψ2,
for some H2 ∈ R. The volume element is ω = ε1 · ε2, where (ε1, ε2) is a positively
oriented orthonormal frame of M .
Proof. Let ψ1 be a section of ΣM such that |ψ
+
1 |
2 − |ψ−1 |
2 = 1 which is solution of
Dψ1 = −iH1ψ1. If a = cosθ + senθe1 · e2 and ψ2 = a · ψ1 then
Dψ2 = −iH1cos2θ · ψ2 + iH1sen2θe1 · e2 · ψ2.
Finally, taking θ ∈ R such that sin 2θ = 1/H1, the last equation is equivalent to
Dψ2 = −i(±
√
H21 − 1)ψ2 + iω · ψ2
which is of the form (82). 
As a consequence of Propositions 8.2 and 8.3 we have the following result.
Corollary 3. For H1 ∈ (−∞,−1] ∪ [1,∞) there exists a correspondence between
immersions of mean curvature H1 of M in R
1,2 and immersions of mean curvature
±
√
H21 − 1 of M in H
3
1.
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8.3. Correspondence between minimal surfaces in R3 and maximal sur-
faces in R1,2. By [11], a minimal immersion of a Riemannian surface in R3 is
characterized by the existence of a spinor field ψ1 such that
|ψ+1 |
2 + |ψ−1 |
2 = 1 and Dψ1 = 0.(83)
Meanwhile, Proposition 8.2 implies that a maximal immersion of a Riemannian
surface in R1,2 is given by a spinor field ψ2 such that
|ψ+2 |
2 − |ψ−2 |
2 = 1 and Dψ2 = 0.(84)
Proposition 8.4. Let (M, g) be an orientable Riemannian surface, there exists ψ1
spinor field of ΣM solution of (83) if and only if there exists ψ2 in a conformal
spinor bundle ΣM that satisfies (84).
Proof. Let ψ1 be a spinor field in ΣM that satisfies (83). We define ψ2 in terms of
ψ1 as
ψ2 :=
1√
|ψ+1 |
2 − |ψ−1 |
2
ψ1,
where ψ1 is the spinor field in the spinor bundle of M with the conformal metric
(|ψ+1 |
2−|ψ−1 |
2)2g. Then, |ψ+2 |
2−|ψ−2 |
2 = 1 and because of the relationship between
the respective Dirac operators of the conformal spinor bundles we have that Dψ2 =
0 (D is the Dirac operator in ΣM) (see [3, Pag. 69]). 
As a consequence of the last proposition and the equations (83) and (84) we have
the following corollary.
Corollary 4. There exists a conformal correspondence between minimal surfaces
in R3 and maximal surfaces in R1,2.
Remark 3. If µ :M −→ R is a differentiable function and z1, z2 ∈ C are the com-
ponents of ψ2 in a spinorial frame then the Weierstrass-type data for the immersion
M −→ R1,2 are given as follows
∼
f2 = µ
(
(z1
2 − z2
2),−i(z1
2 + z2
2),−2iz
1
z
2
)
.
Now, if we denote by (Φ1,Φ2,Φ3) the Weierstrass-type data for the immersion
of (M, g) in R3 then (iΦ1, iΦ2,Φ3) are the Weierstrass-type data for the immersion
of (M, g) in R1,2. This correspondence was obtained in [15]. It coincides with the
correspondence that we describe above in terms of spinor fields (for more details see
[29, Sec 9.2]).
Appendix A. Identification of spinor bundles
Consider a simply connected pseudo-Riemmanian surfaceM and the trivial vec-
tor bundle E = M × R −→ M with metric ∓dν2 depending on whether M is
Riemannian or Lorentzian and denote their respective spin structures by Q˜M and
Q˜E.
In this appendix we are going to identify the spinor bundle ΣM with a subbundle
of Σ = Q˜
M
×M Q˜E ×ρ Cl1,2 (Σ is defined by (14)).
Let us begin with the Riemannian case. Define the complefixied quaternions as
H
C = {z0 + z1I + z2J + z3K : zi ∈ C},
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that extends C-linearly the usual product in the real quaternions. This algebra is
endowed with the quadratic form 〈q, q〉 = z20 + z
2
1 + z
2
2 + z
2
3 , where q = z0 + z1I +
z2J + z3K ∈ H
C.
Remark 4. Let (e0, e1, e2) be the standard basis of R
1,2, that is, 〈ei, ej〉 = 0 if i 6= j
and 〈e0, e0〉 = −1 = −〈e1, e1〉 = −〈e2, e2〉. The Clifford application obtained by lin-
earity from e0 7−→ iI, e1 7−→ J , e2 7−→ JI = −K induces an algebra isomorphism
between Cl1,2 and H
C.
Definition A.1. The even Clifford algebra Cl
◦
r,s is the subalgebra of Clr,s given by
the elements fixed by the following application
Clr,s −→ Clr,s
ei1 · . . . · eik 7−→ (−1)
kei1 · . . . · eik .
Remark 5. Identifying the space R1,2 with the space generated by {iI, J,K} we
can prove that Cl◦1,2 is isomorphic to
{q0 + Iq1 + Jq2i+Kq3i : qi ∈ R}.
Consider the following representations of the group Spin(0, 2) given by the left-
multiplication:
ρ1 : Spin(0, 2) −→ Gl(Cl0,2) and ρ2 : Spin(0, 2) ⊂ Spin(1, 2) −→ Gl(Cl
◦
1,2),
in the definition of ρ1 we use that Cl0,2 = H and Spin(0, 2) = {σ0+σ1I : σ
2
0+σ
2
1 =
1}. The following lemma states that these representations are equivalent.
Lemma A.2. The isomorphism of vector spaces
f : Cl0,2 −→ Cl
◦
1,2
σ0 + σ1I + J(σ2 − Iσ3) 7−→ σ0 + σ1I + iJ(σ2 − Iσ3)
induces a C-linear isomorphism between the representations ρ1 and ρ2, where the
complex structure in both spaces is given by the right multiplication by I.
Proof. After some calculations we have that if g ∈ Spin(0, 2) and σ ∈ Cl0,2 then
f(gσ) = gf(σ) and therefore, γf : Gl(Cl0,2) −→ Gl(Cl
◦
1,2) given by T 7−→ fTf
−1
is an isomorphism of representations. 
Identifying e0 with iI we have after some calculations the following lemma.
Lemma A.3. Let f be as in Lemma A.2. If x ∈ R2 and σ ∈ H then f(x · σ) =
ie0·x·f(σ), where i is the complex structure in Cl
◦
1,2 given by the right multiplication
by I.
Since E is trivial the orthonormal frame bundle is QE = M × {1} and Q˜E =
M × {±1} is also trivial. Consider the global section of QE , sE := N and its lift
s˜E :M −→ {±1} given by m 7−→ +1. Considering the inclusion Q˜M −→ Q˜M×Q˜E,
s˜M 7−→ (s˜M , s˜E) and using the isomorphism f of Lemma A.3 we get the bundle
isomorphism
ΣM :=
∼
Q
M
×ρ Σ2 −→ Σ0 :=
∼
Q
M
×
M
∼
Q
E
×ρ Cl
◦
1,2
ψ :=
[∼
s
M
, σ
]
7−→
[
(
∼
s
M
,
∼
s
E
), f(σ)
]
=: ψ∗;
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it satisfies
(∇
X
ψ)∗ = ∇
X
ψ∗
(X ·M ψ)
∗ = iN ·X · ψ∗,
|ψ+|2 − |ψ−|2 = 〈〈ψ∗, ψ∗〉〉,
for all X ∈ TM and N = [(
∼
sM ,
∼
sE), e0] (see [29, Prop. 3.4.9] for more details).
Let us see now the Lorentzian case. As in the Riemannian case the orthonormal
frame bundle QE is M and Q˜E = M × {±1}. The tangent space in each point
of M is a Lorentzian plane and its spinor bundle is ΣM = Q˜M ×ρ1 Cl1,1 , where
ρ1 : Spin(1, 1) −→ Gl(Cl1,1) is the representation given by left-multiplication.
Consider the section of QE given by sE := N and its lifting to
∼
Q
E
,
∼
s
E
. Con-
sidering
∼
Q
M
−→
∼
Q
M
×
∼
Q
E
,
∼
s
M
7−→ (
∼
s
M
,
∼
s
E
) for
∼
s
M
a section of
∼
Q
M
and using
the isomorphism Cl1,1 ≃ Cl
◦
1,2 (induced by the Clifford application R
1,1 −→ Cl◦12,
x 7−→ x · e2, where (e0, e1, e2) is an orthonormal basis of R
1,2) we obtain the fol-
lowing bundle isomorphism
∼
Q
M
×ρ1 Cl11 −→
∼
Q
M
×
M
∼
Q
E
×ρ Cl
◦
1,2
ψ 7−→ ψ∗;
it satisfies the following properties:
(∇
X
ψ)∗ = ∇
X
ψ∗,
(X ·M ψ)
∗ = X ·N · ψ∗,
|ψ+|2 − |ψ−|2 = 〈〈ψ∗, ψ∗〉〉,
for all X ∈ TM (see [29, Prop. 3.4.16] for more details).
Appendix B. Bivectors and linear operators
Let us denote by Rr,s the vector space Rr+s endowed with the metric −dx21−. . .−
dx2r+dx
2
r+1+. . .+dx
2
r+s. We prove that a skew-symmetric operator u : R
r,s −→ Rr,s
is identified with a bivector u ∈ Λ2(Rr,s).
Let us consider the following bracket in the Clifford algebra Clr,s
(85) [a, b] =
1
2
(a · b − b · a),
for all a, b ∈ Clr,s.
Lemma B.1. Let u : Rr,s −→ Rr,s be a skew-symmetric operator. The bivector
that represents u is
u =
1
2
r+s∑
j=1
εjej · u(ej), εj = 〈ej , ej〉 = ±1,(86)
and for all ξ ∈ Rr,s we have
[u, ξ] = u(ξ).(87)
Proof. Let us consider the linear application u : Rr,s −→ Rr,s given by ei 7−→ εjej
and ej 7−→ −εiei if i < j and ek 7−→ 0 if k 6= i, j which corresponds to εiei ∧ εjej ∈
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Λ2Rr,s. Such function is skew-symmetric and u = εiεjei · ej =
1
2εiεj(ei · ej − ej · ei)
satisfies
[u, ek] =
1
2
εiεj(ei · ej · ek − ek · ej · ei),
then if k = i
[u, ei] =
1
2
εiεj(ei · ej · ei − ei · ei · ej)
=
1
2
εiεj(εiej + εiej)
= εjej = u(ei);
similarly we can prove that [u, ej] = u(ej) and also readily see that [u, ek] = 0 for
k 6= i, j. Equality (87) is a consequence of linearity. 
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